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§1 •  Introduction 


At  th«  recent  Research  Conference  on  the  Theory  of  Numbers, 
held  at  Pasadena,  California,  Me  had  occasion  to  discuss  some 
integrals  of  Ingham  and  Siegel  concerning  matrix  functions, 
see  [l] .  At  the  conclusion  of  the  talk,  it  was  pointed  out 
by  A.  Selberg  that  various  generalizations  of  Siegel's  formula 
existed.  In  this  paper  we  s^lall  obtain  generalizations  of  both 
the  InghEun  and  the  Siegel  Identities,  following  the  method 
given  by  Ingham  In  [Sj  . 

These  formulae  will  then  be  applied  In  two  directions. 

We  shall  first  obtain  a  generalization  of  the  matrix  analogue 
of  Siegel  of  the  scalar  Llpschltz  Identity 

(1)  1  n®“^e~^^(s)  L  {x+2Tlk)“®,Re(e)>l,Re(x)>0. 

n»l  k  •— oo 

This  formula  Is  equivalent  to  the  functional  equation  for  tne 
Riemann  zeta  function.  We  surmise  that  analogous  functional 
equations  nold  for  the  generalized  zeta-f unctions  we  shall 
define  below. 

Following  this,  we  shall  turn  to  the  problem  of  evaluating 


expressions  of  tne  form 

X  I  I  ^  X  I  a 


K 

‘^^IR 


1  j 
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wh«re  (Xjj).  1 ,  J-1 ,2, . . .  ,N^R  and  *ij"*ji*  Expr^saione 

of  tMls  type  arise  In  the  theory  of  syirunetrlc  functions.  In 
tne  theory  of  matrlc  modular  functions  In  the  Mork  of  H.  Maass 
and  In  ;he  discussion  of  stochastic  determinants,  cf  [2j . 


§2.  The  Integrals  of  Ingham  and  Siegel 

The  classical  Integral  cf  Euler  reads 

(1)  r  R,(,)>o,  R.(y)>0. 

o 

A  generalization  of  this  Integral,  due  to  Siegel,  [7  3,  Is 


(2) 


n(n-l ) 

■  ir 


y-  ,-tr(xv)|j(|.-  X  *  r(.)r(»-i/g)...r( 

x^O  I v I s 


n-1 


Here  X  Is  a  symmetric  matrix  X-(Xj^j)and  Y  Is  positive  definite. 
Tne  symbol  |X|  represents  the  determinant  of  X,  dV>T  dx.  ,,  and 

the  Integration  Is  over  the  region  where  X  Is  positive  definite. 
The  real  part  of  s  Is  taken  to  be  positive  and  sufficiently 
large.  From  the  right-hand  side  we  see  that  Re(s)>  ,  where 
n  Is  the  dimension  of  X,  Is  sufficient. 

An  evaluation  of  related  c..asses  of  Integrals  Is  given 
by  Bochner,  [4_^  .  Analogusa  of  the  Beta  Integral  also  exist, 
cf.  Siegel,  [,73,  p.H2.  These  Integrals  arise  In  connection 
with  Siegel's  theory  of  matrlc  modular  functions. 

Independently,  in  connection  with  some  problems  In  multi¬ 
variate  analysis  of  Wlshart  and  Bartlett,  Ingham  demonstrated 
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th«  •quality 


(3) 


(  _L_ 

2t1 


da 


IJ 


^g^k»l/2p-l/2 _ 

(2vt)  ^%^V(k)  r(k-l/2) .  .  .r(k-l/2p-fl/2) 


If  C 


la  poaltlv*  dafinite 


s  0  othcrwiaa. 

Thia  la  an  axtanalon  of  the  familiar  formula 


a-fl  Si 


(*) 


J?T 


.".-“dB- 


a-1  OD 


.k-1 


r(k) 


,  C  >  o 


-  0,  otherwise. 


where  a>o,  k>l . 


In  (5)  the  Integration  with  reapect  to  s^^  ^  la  along  the 
line  where  -<d  <  <  oo  and  1®  taken  to  be 

poaltlve  definite.  The  parameter  k  Is  taken  Initially  to  be 
aufflclently  large  so  that  the  Integral  converges  absolutely. 

It  Is  sufficient  to  eetabllsh  one  or  the  other  of  these 
Integrals,  since  an  application  of  the  Laplace  Inversion  for¬ 
mula  derives  either  from  the  otrier.  We  shall  restrict  ourselves, 
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therefore,  to  deriving  a  generalization  of  Ingham's  formula. 

63.  The  Generalized  Ingham  Formula 

Let  S  be  a  symmetric  matrix  of  order  p,  and  ^irlte 

(1)  -  (s^j),  1  <  l.J  <  k. 

We  shall  use  the  notation  |S^|  to  denote  the  determinant  of 
S^.  The  result  we  wish  to  establish  Is 


(2) 


p  p-i  1 


2t1 


P  i£±ii 

2  (1)  f  ,  ‘‘l  2  (2)  -k 

,  (2V^)  |C  i  ^  ^  |C  1  *.  . .  1C 


1  ./'(p),  ^P-1 


P  (p-»l ) 

r(kp)r(kp.k^j  -1/2)...  rU  kj-  2  ) 

1-1 


If  C  Is  positive  definite, 

-  0,  otherwise. 

Here  the  Integration  Is  taken  over  the  same  type  of  region 
as  before.  The  parameters  k  1  ,ka, . . .  ,k^^  are  to  be  chosen 

P  n 

so  that  all  the  expressions  k  ,k  4-k  .—1/2,...,  £  k,—  %  4-  1/2  are 

p  p  p-l  12 

positive.  For  trils  It  Is  sufficient  tnat  k^  be  sufficiently 


large.  If  the  kj^  are  arbitrary. 
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The  matrlcee  C  ,  ic-i,2,  ...p  are  aeflned  aa  followa 
(3)  l,j-k,...,p. 

§4 .  Proof 

The  method  we  employ  is  precisely  that  used  by  Ingham 
[3],  in  the  case  where  ki". .  and  depends  upon 

an  induction  over  p,  starting  with  the  known  case  p*l . 

Denote  the  variables  ®ip»*2p* *  *  * »*p-l ,p'*pp  Vi,v«,..., 

v^^  and  u  respectively  and  the  parameters  Cj^pjCg^, . . .  ,Cp_j^  p, 

Cjjp  by  ci,c«, . . .  ,Cp_^,  f  respectively, 

we  may  write 

®11  ®12  "•  ®l.p-l  ''1 

(1)  iSpi  -  ♦  ; 

®p— 1 , 1  ’  ®p— i,p— 1  '^p— 1 

Vi  ....  Vp_^  0 

-  iS^^l  u-  S^^(v.v). 

where  is  the  quadratic  form  obcalned  using  the 

adjoint  matrix  to  .  This  yields 

'Spi  -  iVi' 


(2) 
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wn®re  (v,v)  le  the  quadratic  font  obtained  using  the 

Inverse  matrix  tc  S  ,  . 


(3; 


The  Integrand  In  (3*2)  ®ay  be  written 

P-1 

2  2  c.  V  . 

,tr  (CS^,)  ,  U-1  “  “  ,  fu  n 


VI 


-k  ^  -It. 

l^p-2  *  •  •  •  iS^ I 


We  may  integrate  with  respect  to  u-s^^,  keeping  the  other 
Variables  fixed.  Let  u-S^^  ( v ,  v ) -w  .  Tr.en,  with  "  >  0, 


i 

7Tl  t 


-  exp 


f  -flvX. 

/  •^p 

Lf-*fSpii 

(v,v): 

f  -la 

f  -fl  JD 

r  1 

.v)j  57T 

3 

•-e 

1 

-k 


n 


r 

e  w  dw 


Since  f>0,  (since  f-c^^Jtnls  yleida  as  the  remaining  integrand 


(‘J 


,v  ,  tr(CS  ,  /  , 

I  :rs^j(v,v)*2 


^  ''k''k  ^ 

k-1  * 


-  (k  ♦k  ,  ) 

P  P-1 


f-1 


-k 


r, _ O  * 


I  » 
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-1 


Since  f  >  0  and  (v,v)  l8  puBltlve  definite  for 

real  v^,  we  may  Integrate  with  reepect  to  the  varleblee  Vi 
''»•••*» ''p—l  •  Applying  the  well-known  result 


(6)  ,/ 


GD 


-OD 


P— 1 

•  -(u,Bu)^  2  1 

e  k«l  t  du 

-00  1 


I 


p/2  -1/2  (c.Bc), 

»  |B  I  e 


f^r  B  positive  definite,  we  obtain  as  a  result  of  Integrating 
with  respect  to  the  p-1  variables  Sj^^,  k»l , 2 ,  .  .  . , p-1 ,  the  new 
Integrand 


(7) 


k^-l/2i^l/2  p-i 


k,l-l  *** 


-k 


-k 


-(k  -fk  .  )-»-i/2  -  o  - 1 

C  P  ^  ^  c  ,  o  i 

^p-1 '  '^p-? '  • •  •  1^1 1 


wnere 
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‘‘>*•1'^ . 

pp 


Tn«  rtmalndtr  of  th«  proof  Is  inductlvs,  with  ths  last 

(k ) 

step  being  tue  evaiusllon  of  the  determinants  |B'  fonied 

froa  in  tenu  of  the  deteralnente  |  at  dafintd  in  (3*3)  • 

6,t/»  Some  Deterrninanls 

In  order  to  see  horn  to  obtain  the  general  result,  conelder 
tne  3*3  determinant 


Da  - 


c  1  1 

C  IS 

CIS 

Cat 

csa 

cee 

Cs  1 

Css 

Css 

wit:. 


'=ij  •  “"ji- 


lluitlply  trie  3rd  row  by  Cla/c^^  and  subtract  ft*o«  the  first 
row;  multiply  the  3rd  row  by  Cgg/c^^  and  subtrsct  froa  the 
sec  nd  r^w.  The  result  Is  I 


^  i  s 'ts 

^$9 


CtS^  IS 


c*  >  - 


C  is^ss 
Css 

cascat 

Css 


•  C»§ 


bit  bit 

bst  btt 


J 
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Proceeding  in  tne  same  way  In  the  general  caae  we  ate  that 

(3)  -  iC^‘‘^/Opp. 

With  tnls  result  eatabllahed,  tne  Inductive  proof  of  the 
fcnnuid  In  (3-2)  proceeds  easily,  starting  with  the  case  p-1 . 

^ ^  Extension  of  the  Llpscnl tz-Slegel  Identl ty 

Combining  trie  evaluation  of  tne  Integral  in  (2.2)  with  trie 
Poisson  summation  formula,  Siegel  established  the  following 
Identity 


(1) 


L  ,X,  ^ 

i>0 


-tr(XY) 


K 


,Y^2¥lK i 


foT  tne  real  part  of  Y  pv^sltlve  definite.  Here  X  Is  an  nxn 
positive  definite  matrix,  |Xi  Is  the  determinant  of  X,  and  tne 
8U0Bnatl.-n  on  the  left  Is  over  all  positive  definite  Inte^/’er 
Biatrlcea.  On  the  left  tne  summatl  n  Is  .  ver  all  synuaetrlc 
semi-integers,  that  is  matrices  «>h  se  main  diagonals  are 
Integral  and  whose  elements  tne  mein  diagonal  are  rialves 

of  Integers.  Tne  constant  ^  Is  given  by 

(2)  «  -  T  "  r('’)  r( , r(^  - 
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Th«  parameter^  la  takan  to  ba  aufficlantly  larga. 

The  ganaralizatlon  of  Slagal'a  intagral  obtalnad  froa 
(5.2)  la 


1-1 


-tr(XY) 


(5) 


x">0  |xU)|‘‘l|x(J)('‘2...|x“’'|Vl 


KJ 


dx 


IJ 


eCpzU 


k 

|Y_|  PlY 


P-i 


P-1 


lYii 


where 

(^)  "  ^*1J^'  1»J »  •  •  •  X  P » 


*^k‘  "  *yij'»  l,J-l....,k. 


The  reatrlction  In  the  k^  la  that  each  of  the  axpraaslons 

D 

kp-»-k^j^-^. .  .-fkp-  ^  be  positive. 

Applying  the  Polaaon  aunuaation  foniula  aa  obtain  tha 
following  generalization  of  (1). 


1/2) 

’  "  f 
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(5) 


£ 

X>0 


P 


-1-^^ 


-tr(XY) 

e 


|X 


(3) ,“2 


(X 


(p)  ^ 


P-1 


— k  — k  — k 

-  ^  I  |(Y^2rlK)pp|  P  |(Y>2TlK^p_^ji  P”^.  |(Y4.2tIK)^| 

Mh«r«  th«  sum  1«  over  all  aywaatrlc  half-lntagara,  and  ^  la 
tn«  constant  occurring  In  (3)«  Ths  ssrlsa  Mill  convsrga  for  k^ 
suff Iclsntly  largs  coaparsd  to  ths  othsr  k^ . 

§7.  Qsnsrallxsd  Zsta-yunctiona 

Ths  ssts-functlon 


(1) 


X  ,1X1  . 

IX| 


Hhsrs  ths  suanatlon  is  ovsr  a  rsduesd  ast  of  posltlvs  dsflnlts 
Intsgsr  aatricss  hae  bssn  ccnsidsrsd  by  Maass,  ^ 

functional  aquation  dsrlvsd  for  ths  caas  of  (2x2}-iaatrlcss, 
cf  also,  L  3D  • 


Sines  ths  sxiatsncs  of  a  Llpschltz  idsntity  is  squivalsnt 
to  a  functional  aquation  for  ths  zsta-f unction,  ws  sunaiss 
that  a  corrsspondlng  functional  aquation  holds  for  ths  gsnsralizsd 


z«ta-functlon 
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(2) 


^  (Xi,8«, 

n 


This  w*  shall  dlacues  In  a  aubeaquant  papar. 

§0.  Qanarallzed  Elaanatain  Sariaa 

Juat  aa  matrlc  modular  functions  ara  usually  formad  by 
maars  of  Elaanatain  aarlas  of  tha  form 
» 

(1)  <'„<*••)  -  1  , 

jK.Li 

whara  tha  summation  la  over  a  suitably  raducad  sat  of  K  and  L, 
ac  wa  can  form  ganarallzatlona  of  thaaa  aarlaa  having  tha  form 


(2)  f^(X.8,,8„...,8^)-  1  J(KX>L)^|  ‘|(IX4.L)^^|  *..j(n4.L)ir^ 

We  shall  dlacuaa  these  aarlaa  in  more  detail  aubsaquantly . 


§9*  Darlvatlvaa  of  Datarmlnanta 

Let  ua  now  consider  the  problem  of  determining  tha  result 
of  applying  tha  operator 


t  I 


_£ _ 

ac  ta 


3 


(1) 
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to  a  powar  product  of  th*  form 


(2)  a. 
|C  I 


Th«  k«y  to  th«  results  we  snail  obtain  Is  the  observation 

that 


tr(CS)  tr(CS) 

(2)  Oj  e  -  |Sj|  e 


Consequently «  applying  0|^  to  both  sides  of  (3«2),  we  obtain 
an  loBiedlate  evaluation  of  0|^  applied  to  a  product  of  the  form 


1C 


n),j,  h- 


(2)  -k,  (3)  -k. 


1C  I  P^^ 


Since 


k  1  »ka, . . .  ,k^^  may  be  arbitrary,  positive  or  negative,  provided 
that  k^  Is  large  enougn,  we  obtain  the  result  for  arbitrary 


aa,as, . . .  ,aj^  above,  provided  tnat  ai  Is  large  enough.  The 
result  obtained  In  this  case  extends  by  analytic  continuation 
to  all  other  values. 

In  particular,  we  note  that 


R  (1)  N  (1)  N-R  (K-fl)  R 

(3)  0^  1C  I  ic  I  |C  I 


where  may  be  determined  explicitly  as  a  quotient 


of  gamma  functions. 
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